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RAG

For each of the following topics RAG rate yourself based on what you

know from GCSE. Then complete the booklet and redo at the end. Having
a secure understanding of these topics will mean that you are in the best
possible position to start your A Level course.
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Solving quadratics

Sketching Quadratic
Graphs

Simultaneous
equations (Linear)

Simultaneous
equations (Quadratic)

Simultaneous
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(Graphically)

Linear Inequalities

Quadratic Inequalities

Sketching cubics and
reciprocals

Translating Graphs




Surds and rationalising the denominator

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e Assurd is the square root of a number that is not a square number,

for example J2,43,45, etc.

Surds can be used to give the exact value for an answer.

Jab =ax-b
\ﬁzﬁ
b b

To rationalise the denominator means to remove the surd from the denominator of a fraction.
a
Jb

To rationalise —2 you multiply the numerator and denominator by b—+Jc

b+JE

To rationalise you multiply the numerator and denominator by the surd Jb

Examples

Example 1  Simplify \/%

J50 =/25% 2 Choose two numbers that are
factors of 50. One of the factors

must be a square number
—J25x\2 2 Use the rule vab =/ax+/b
=5x+/2 Use \/25 =5

=52

Example 2 Simplify 147 — 212

J147 - 2\12 Simplify +147 and 24/12 . Choose

— J49x3_2J4x3 two numbers that are factors of 147
and two numbers that are factors of

12. One of each pair of factors must
be a square number

=49 x\3-24x3 2 Use the rule Vab =+ax+/b
=7x\/§—2x2x\/§ Use \/E=7 and \/222
=7/3-4J3

Collect like terms




Example 3 Simplify (\/7+\/§)(\/7—\/§)

1 Expand the brackets. A common
2
mistake here is to write (ﬁ) =49

(V7 +2)(47-2)
= JB - TNZ + 2T A
=7-2 2 Collect like terms:

=5 NN

=72 +4742=0

1
Example 4 Rationalise —
P B

1 Multiply the numerator and
denominator by 3

lx\/§
2 Use J9=3
5 B

3

3

NA

Example 5 Rationalise and simplify E




NG

V2. 12

V2 x4x3

12

Multiply the numerator and
denominator by J12

Simplify \/1_2 in the numerator.
Choose two numbers that are factors
of 12. One of the factors must be a
square number

Use the rule v/ab =+/a x+b

Use JZ=2

Simplify the fraction:

2 simplifies to 1
12 6




Example 6 Rationalise and simplify

3
2++/5
3 _ 3 x2—\/§ Multiply the numerator and
2+\/§ 2+\/§ 2—\/5 denominatorbyZ—\/g

3(2-5)

(2 n Jg)(z _ \/5) Expand the brackets

6—35

- 4+2J5-25-5 Simplify the fraction

_ 6—35

-1 Divide the numerator by —1
Remember to change the sign of all
-3/5-6 terms when dividing by —1

Practice

Simplify. Hint
V45 One of the two

\/48 numbers you
\/— choose at the start

e 300
must be a square

g \/ﬁ nimher.

Simplify. Watch out!

a ‘/ﬁ+ V162 “/E—Z\/g Check you have
c 50-+/8 J75 -+/48 chosen the

highest square
e 2284428 2012 -12+27 N

number at the

Expand and simplify.

a (V2+B)2-13) (3++/3)(5-+/12)
¢ (4-5)(\/45+2) (5++/2)(6-+/8)

6




4 Rationalise and simplify, if possible.

a

5 Rationalise and simplify.
1

-5

a

Extend

6 Expand and simplify (\/;+\/§)(\/;—\/§)

7  Rationalise and simplify, if possible.

1
a 1 b

NCENG -y




Rules of indices

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

° amxan:am+n

(am)n - amn
a’=1
1
an =Q/E i.e. the nth root of a

e The square root of a number produces two solutions, e.g. J16 =44

Examples

Example 1  Evaluate 10°

10°=1 Any value raised to the power of zero is
equal to 1

1
Example 2  Evaluate 92

1

92 =9 Use the rule a" = a
=3

2
Example 3 Evaluate 273

m

1 Usetherule a” =(Q/§)m

2 Use §/sz




Example 4

Example 5

Example 6

Example 7

Example 8

Evaluate 472

47 =

1
42
L
16

1
1 Usetherule a™™ =—

m

2 Use 4>°=16

6Xx°
Simplify —
plify ™

o

v =3x8
X

m

a ~
6 + 2 =3 and use the rule —nzam " to
a

X5
give —=x""?=x°
X

=y8 4=y4

1 Usetherule a™xa" =a™"

m

2 Use the rule a_n =a
a

m-n

Write 3i as a single power of x
X

1 1la
3x 3

1
Use the rule —=a™, note that the
a

fraction % remains unchanged

.4 .
Write — as a single power of x

N

1

1 Use the rule a" =%a

-m

1
2 Usetherule —=a
a




Practice

Evaluate.
a 14°

Evaluate.
1

a 492

Evaluate.

3
a 252

Evaluate.

Evaluate.

_1
a 42

1

d 164x27

a

b

Watch out!

Remember that
any value raised to
the power of zero
is 1. This is the
rule a® = 1.




8  Write the following without negative or fractional powers.

b X0 c
1
2

f

9  Write the following in the form ax".

a b

2
X3
4

3x

Extend

10 Write as sums of powers of x.
X +1
XZ




Factorising expressions

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.
A quadratic expression is in the form ax? + bx + ¢, where a # 0.
To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.
An expression in the form x? — y? is called the difference of two squares. It factorises to
(X=y)(x +y).

Examples

Example 1  Factorise 15x2y® + 9x%

15x2y3 + 9x%y = 3x%y(5y? + 3x?) The highest common factor is 3x?y.
So take 3x?y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Example 2  Factorise 4x? — 25y?

4x2 — 25y? = (2x + 5y)(2x — 5y) This is the difference of two squares as
the two terms can be written as
(2x)?and (5y)?

Example 3 Factorise x? + 3x — 10

b=3,ac=-10 Work out the two factors of

ac = —10 which add to give b =3
(5 and —2)
Sox?+3x—10=x2+5x—-2x-10 Rewrite the b term (3x) using these
two factors

=X(x+5)—2(x+5) Factorise the first two terms and the
last two terms

=(x+5)(x-2) (x + 5) is a factor of both terms




Example 4 Factorise 6x2— 11x — 10

b=-11,ac=-60

So
6x2—11x—10=6x2— 15x + 4x — 10

=3x(2x —5) +2(2x —5)

= (2x—5)(3x + 2)

Work out the two factors of

ac = —60 which add to give b =—11
(=15 and 4)

Rewrite the b term (—11x) using
these two factors

Factorise the first two terms and the
last two terms

(2x — 5) is a factor of both terms

x? —4x-21

Example 5 Simplify —————
P plify 2x% +9x+9

X2 —4x—21
2x2 +9x+9

For the numerator:
b=-4,ac=-21

So
X2—4x—-21=x*—7x+3x-21

=X(X—=7)+3x—17)
=(x=7)kx+3)

For the denominator:
b=9 ac=18

So
2%+ 9x+9=2x+6x+3x+9

=2x(x +3) + 3(x + 3)

=(x+3)(2x +3)
So

x> —4x-21  (x-T7)(x+3)
2x2 +9x+9  (x+3)(2x+3)
_ox=7
~ 2x+3

Factorise the numerator and the
denominator

Work out the two factors of
ac = —21 which add to give b = —4
(=7 and 3)

Rewrite the b term (—4x) using these
two factors

Factorise the first two terms and the
last two terms

(x —7) is a factor of both terms

Work out the two factors of
ac = 18 which add to giveb=9
(6 and 3)

Rewrite the b term (9x) using these
two factors

Factorise the first two terms and the
last two terms

(x + 3) is a factor of both terms

10 (x + 3) is a factor of both the

numerator and denominator so
cancels out as a value divided by
itself is 1




Practice

1 Factorise.
a  6x4y%—10x%* 21a%h® + 35a°h?
c  25x%y% —10x3%? + 15x?%y3 Take the highest
common factor
Factorise outside the bracket.

Hint

a x2+7x+12
c x2-11x+30
e x2-7x-18
g x2-3x-40

Factorise
a  36x2—49y?
c 18a%-—200b3c?

Factorise

a 2x2+x-3 6x2 +17x + 5

c 2X%+7x+3 d 9x*-15x+4
e 10x2+21x+9 12x2 - 38x + 20

Simplify the algebraic fractions.
2x% + 4x X2 +3x
X2 — X X2 +2x-3
X2 -2x—8 x? —5x
X2 —4x x? -25
X2 —x-12 2x% +14x
X2 —4x 2x% +4x-170

a

Simplify
9x* -16 2x* —7x-15
3x? +17x—28 3x? —17x+10
4—25x? 6x° —x—1
10x* -11x—6 2X2 +7x -4

Extend

7 Simplify /x2 +10x + 25

(x+2)% +3(x+2)?
x? -4

8  Simplify




Completing the square

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + q)? + r
e Ifa+#1,then factorise using a as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x? + 6x — 2

X2+ 6x—2 1 Write X2 + bx + ¢ in the form

2 2
=(x+3)2-9-2 (x+9) —(9) +C
2 2

=(x+3)%-11 Simplify

Example 2 Write 2x2 — 5x + 1 in the form p(x + ) + r

Before completing the square write
ax? + bx + c in the form

(43
al xX“+—x|+cC
a
Now complete the square by writing

X2 —gx in the form

(

Expand the square brackets — don’t

2
forget to multiply Gj by the factor

of 2

Simplify




Practice

Write the following quadratic expressions in the form (x + p)? + q
a X2+4x+3 b x2-10x-3

c x2-8x d x2+6x

e XP-2x+7 f x2+3x-2

Write the following quadratic expressions in the form p(x + q)? + r
a 2x*-8x-16 b 4x>-8x-16
c  3x*+12x-9 d 2x*+6x-8

Complete the square.
a 2x2+3x+6 b 3x?-2x
c 5x2+3x d 3x2+5x+3

Extend

4 Write (25x% + 30x + 12) in the form (ax + b)? + c.




Solving quadratic equations by
factorisation

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e A quadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose products is
ac.
When the product of two numbers is 0, then at least one of the numbers must be 0.
If a quadratic can be solved it will have two solutions (these may be equal).

Examples

Example 1  Solve 5x? = 15x

5x2 = 15X Rearrange the equation so that all of
the terms are on one side of the
5x2—15x =0 equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.
5x(x—3)=0 Factorise the quadratic equation.

5x is a common factor.
So5x=0o0r(x—3)=0 When two values multiply to make
zero, at least one of the values must
be zero.

Thereforex=0o0rx =3 Solve these two equations.

Example2  Solve x?+ 7x+12=0

X2+ 7x+12=0 Factorise the quadratic equation.
Work out the two factors of ac = 12
b=7ac=12 which add to give you b = 7.

(4 and 3)

X2+4x+3x+12=0 Rewrite the b term (7x) using these
two factors.

X(x+4)+3(x+4)=0 Factorise the first two terms and the
last two terms.

x+Hx+3)=0 (x + 4) is a factor of both terms.
So(x+4)=0o0r(x+3)=0 When two values multiply to make
zero, at least one of the values must
be zero.

Therefore x =—4 or x =—3 Solve these two equations.




Example 3

Example 4

Solve 9x*-16=0

9X2—-16=0
(Bx+4)(3x-4)=0

So(3x+4)=0o0r(3x-4)=0

Factorise the quadratic equation.
This is the difference of two squares
as the two terms are (3x)2 and (4)2.
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.

Solve 2x? —5x—12=0

b=-5,ac=-24

So2x>—8x+3x—-12=0
2X(X—4)+3x—4)=0

x-4)2x+3)=0
So(x—4)=0o0r(2x+3)=0

X=4 or x:—E
2

Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b = -5.

(—8 and 3)

Rewrite the b term (—5x) using these
two factors.

Factorise the first two terms and the
last two terms.

(x — 4) is a factor of both terms.
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.

Practice

Solve

a
c
e
g
i

k

6x2+4x=0
X>+7x+10=0
x2-3x—-4=0
x2—10x+24=0
x2+3x-28=0
2X°—Tx—-4=0

Solve

a

c
e
9

x?—3x =10
X2 + 5x = 24
X(x+2)=2x+25
X(3x+1)=x2+15

28x2 - 21x=0
X>-5x+6=0
x2+3x—10=0

x2—-36=0

X2—6x+9=

0

3x?-13x-10=0

x2—3=2x
X2 —42 =x

X2—-30=3x-2
X(x—1)=2(x +1)

Hint

Get all terms
onto one side
of the




Solving quadratic equations by
completing the square

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

Examples

Example 5

Example 6

Solve x? + 6x + 4 = 0. Give your solutions in

Completing the square lets you write a quadratic equation in the form p(x + )+ r=0.

surd form.

X2+6x+4=0

(Xx+3)2—9+4=0

(x+3)2-5=0
(x+372=5

X+3= J_r\/§
x= +56-3

Sox=—/5-3 orx=+5-3

1 Write X2 + bx + ¢ = 0 in the form

(3] (5]
X+—| —-|=| +¢c=0

2 2
Simplify.
Rearrange the equation to work out
X. First, add 5 to both sides.
Square root both sides.
Remember that the square root of a
value gives two answers.
Subtract 3 from both sides to solve
the equation.
Write down both solutions.

Solve 2x2 — 7x + 4 = 0. Give your solutions i

n surd form.

22X —Tx+4=0

xz—zxj+4 =0
2

1 Before completing the square write

ax? + bx + ¢ in the form
a[ b j+c

X2 + =X
a
Now complete the square by writing

xz—gx in the form
(o) ()

Expand the square brackets.

b
X+ —
2a

b
2a

Simplify.




(continued on next page)

Rearrange the equation to work out

X. First, add % to both sides.

Divide both sides by 2.

Square root both sides. Remember
that the square root of a value gives
two answers.

Add % to both sides.

Write down both the solutions.

Practice

3 Solve by completing the square.
a x-4x-3=0 X*—10x+4=0
c x2+8x-5=0 X2-2x—-6=0
e 2x2+8x-5=0 5%2+3x-4=0

4 Solve by completing the square.
a (x-4)x+2)=5
b 2x*+6x-7=0 Get all terms
c x2-5x+3=0 onto one side
of the

Hint




Solving quadratic equations by using the
formula

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

M E: Jb? —4ac
2a
e If b2 —4ac is negative then the quadratic equation does not have any real solutions.

e Itis useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7 Solve x? + 6x + 4 = 0. Give your solutions in surd form.

a=1,b=6,c=4 1 Identify a, b and ¢ and write down

hadh? the formula.
e b++/b°—4ac - _
2a Remember that —b ++/b® —4ac is
all over 2a, not just part of it.

2 Substitutea=1, b =6, c =4 into the
X = —6+6"-4()(4) formula.

Simplify. The denominator is 2, but
this is only because a = 1. The
denominator will not always be 2.

Simplify v20 .

\/E:\MXS =\/4_x\/§=2\/§
Simplify by dividing numerator and
denominator by 2.

So x=-3-5 or x=+5-3 Write down both the solutions.




Example 8  Solve 3x? — 7x — 2 = 0. Give your solutions in surd form.

a=3,b=-7,c=-2 1 Identify a, b and ¢, making sure you

b+ /bz _Jac get the signs right and write down
= the formula.

2a
Remember that —b ++/b? —4ac is
all over 2a, not just part of it.

X

2
- —(N+ \/(_7) —43)(=2) Substitutea=3,b=-7,¢c=-2into
2(3) the formula.

X

Simplify. The denominator is 6

7+473

X = Ve when a = 3. A common mistake is
6 to always write a denominator of 2.

SO X=— J73 ! Write down both the solutions.

Practice

Solve, giving your solutions in surd form.
a 3x2+6x+2=0 b

Solve the equation x> —7x+2 =0

. L b )
Give your solutions in the form , Where a, b and c are integers.

Solve 10x?+3x+3=5 Hint

Give your solution in surd form. Get all terms onto one
side of the equation.

Extend

8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form
when necessary.

a Mx(x-1)=3x-2
b 10=(x+1)?
c Xx(3x-1)=10




Sketching quadratic graphs

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e The graph of the quadratic function
y = ax?+ bx + ¢, where a # 0, is a curve
called a parabola.
Parabolas have a line of symmetry and

a shape as shown.
To sketch the graph of a function, find the points where the graph intersects the axes.

To find where the curve intersects the y-axis substitute x = 0 into the function.

To find where the curve intersects the x-axis substitute y = 0 into the function.

At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.
To find the coordinates of the maximum or minimum point (turning points) of a quadratic
curve (parabola) you can use the completed square form of the function.

Examples

Example 1

Example 2

Sketch the graph of y = x2.

\/fora>0 /\fora<0

Y4

The graph of y = x2 is a parabola.

\J

Whenx =0,y =0.

a = 1 which is greater
than zero, so the graph
has the shape:

Sketch the graph of y = x> — x — 6.

Whenx=0,y=02-0-6=-6
So the graph intersects the y-axis at
(0,-6)

Wheny=0,x*—x—-6=0

x+2)(x—3)=0
X=—-20rx=3
So,

the graph intersects the x-axis at (-2, 0)
and (3, 0)

Find where the graph intersects the
y-axis by substituting x = 0.

Find where the graph intersects the
x-axis by substituting y = 0.
Solve the equation by factorising.

Solve (x+2)=0and (x—3)=0.

\J

(continued on next page)

a =1 which is greater
than zero, so the graph
has the shape:




6 To find the turning point, complete
the square.

2
1
When (X_Ej =0, x= 5 and The turning point is the minimum
value for this expression and occurs
y= _2 the turning point is at the when the term in the bracket is

. (1 25)
point | =,-==
2 4

equal to zero.

Practice
Sketch the graph of y = —x2.

Sketch each graph, labelling where the curve crosses the axes.
a y=(x+2)(x—-1) b y=x(x—3) o y=(x+1)(x+5)

Sketch each graph, labelling where the curve crosses the axes.
a y=x2-x-6 b y=x>—-56x+4 c y=x>-4
d y=x2+4x e y=9—x f y=x2+2x—-3

4 Sketch the graph of y = 2x? + 5x — 3, labelling where the curve crosses the axes.

Extend

5  Sketch each graph. Label where the curve crosses the axes and write down the coordinates of the
turning point.

a y=x"-5x+6 b y=-x*+7x-12 ¢ y=-xX*+4x
6 Sketch the graph of y = x? + 2x + 1. Label where the curve crosses the axes and write down
the equation of the line of symmetry.




Solving linear simultaneous equations

using the elimination method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Two equations are simultaneous when they are both true at the same time.

e Solving simultaneous linear equations in two unknowns involves finding the value of each
unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

¢ Eliminate this equal unknown by either subtracting or adding the two equations.

Examples

Example 1  Solve the simultaneous equations 3x +y=5andx +y=1

3x+y=5 1 Subtract the second equation from

Example 2

- X+y:]_

2X =4
Sox=2

Usingx+y=1
2+y=1
Soy=-1

Check:
equation1: 3x 2+ (-1) =5 YES
equation2: 2+ (-1)=1 YES

the first equation to eliminate the y
term.

To find the value of y, substitute
X = 2 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.

Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.

x+2y=13
+ 5x—-2y= 5

6X =18
Sox=3

Using x + 2y = 13
3+2y=13
Soy=5

Check:
equation 1: 3+2x5=13  YES
equation2: 5x3—-2x5=5 YES

1 Add the two equations together to

eliminate the y term.

To find the value of y, substitute
x = 3 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.




Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.

(2x+3y=2)x4 —> 8x+12y= 8 | 1 Multiply the first equation by 4 and
(5x+4y=12)x3—  15x+12y =36 the second equation by 3 to make
7X = 28 the coefficient of y the same for
both equations. Then subtract the
Sox=4 first equation from the second
equation to eliminate the y term.

Using 2x + 3y =2 To find the value of y, substitute
2x4+3y=2 X = 4 into one of the original
Soy=-2 equations.

Check: Substitute the values of x and y into
equation 1: 2 x4 +3 x(-2)=2 YES both equations to check your
equation 2: 5 x4 +4 x (=2) =12 YES answers.

Practice

Solve these simultaneous equations.
1 4x+y=8 X+y=7

X+y=5 3X+2y=5

4x+y=3 X+4y=7
x-y=11 X—4y=5

2x+y=11 2x+3y=11
x—3y=9 X+2y=4




Solving linear simultaneous equations
using the substitution method

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous
Textbook: Pure Year 1, 3.1 Linear simultaneous equations

Key points

e The subsitution method is the method most commonly used for A level. This is because it is
the method used to solve linear and quadratic simultaneous equations.

Examples

Example 4  Solve the simultaneous equations y = 2x + 1 and 5x + 3y = 14

5x+3(2x+1) =14 1 Substitute 2x + 1 for y into the
second equation.

5x+6x+3=14 2 Expand the brackets and simplify.
11x+3=14
11x=11 Work out the value of x.
Sox=1

Usingy =2x + 1 To find the value of y, substitute
y=2x1+1 x =1 into one of the original
Soy=3 equations.

Check: Substitute the values of x and y into
equation1:3=2x1+1 YES both equations to check your
equation2: 5x1+3x3=14 YES answers.

Example 5  Solve 2x —y = 16 and 4x + 3y = —3 simultaneously.

y=2x—16 Rearrange the first equation.

4x + 3(2x — 16) = -3 Substitute 2x — 16 for y into the
second equation.

4X + 6x —48=-3 Expand the brackets and simplify.
10x —48 =-3
10x =45 Work out the value of x.
Sox=43

Usingy = 2x — 1? To find the value of y, substitute
y=2x4;-16 x = 41 into one of the original
Soy=-7 equations.

Check: Substitute the values of x and y into
equation1:2x 47 —(-7)=16  YES both equations to check your

equation 2: 4 x 41 +3 x (=7) = -3 YES answers.
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Practice

Solve these simultaneous equations.

y=x-4 y=2x-3
2X + 5y =43 5x -3y =11

2y =4x+5 2x=y-2
Ox + by =22 8x —by=-11

3x+4y=8 3y =4x-7
2x—-y=-13 2y =3x—-4

3x=y-1 3X+2y+1=0
2y —2x=3 4y =8 —Xx

Extend

3(y-x

15 Solve the simultaneous equations 3x + 5y —20 =0 and 2(x+y) = 2




Solving linear and quadratic simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where necessary).
e Use the linear equation to substitute into the quadratic equation.
e There are usually two pairs of solutions.

Examples

Example 1  Solve the simultaneous equations y = x + 1 and x? + y2 = 13

X2+ (x+1)2=13 1 Substitute x + 1 for y into the second
equation.

XX+xX2+Xx+x+1=13 2 Expand the brackets and simplify.
2X2+2x+1=13

2x2+2x—12=0 Factorise the quadratic equation.
2x—-4)(x+3)=0
Sox=20rx=-3 Work out the values of x.

Usingy=x+1 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.

So the solutions are
x=2,y=3 and x=-3,y=-2

Check: Substitute both pairs of values of x
equation1:3=2+1 YES and y into both equations to check
and—2=-3+1 YES your answers.

equation 2: 22+ 32=13 YES
and (-3)2+ (-2)?= 13 YES




Example 2

Solve 2x + 3y = 5 and 2y? + xy = 12 simultaneously.

X=5—3y
2

2y? +(¥jy:12

2
2y2 _,_M:lg
2
4y® +5y-3y* =24
y2 +5y—24=0

(y+8)(y—-3)=0
Soy=-8ory=3

Using 2x + 3y =5
Wheny=-8, 2x+3x(-8)=5, x=14.5
Wheny =3, 2x+3x3=5 x=-2

So the solutions are
x=145, y=-8 and x=-2,y=3

Check:

equation 1: 2 x 145+3x(-8)=5 YES
and 2x(-2)+3x3=5 YES

equation 2: 2x(—8)% + 14.5x(-8) = 12 YES
and 2x(3)?+(-2)x3=12 YES

1 Rearrange the first equation.

for x into the

Substitute 5—23y

second equation. Notice how it is
easier to substitute for x than fory.
Expand the brackets and simplify.

Factorise the quadratic equation.

Work out the values of y.

To find the value of x, substitute
both values of y into one of the
original equations.

Substitute both pairs of values of x
and y into both equations to check
your answers.

Practice

Solve these simultaneous equations.

1 y=2x+1
x?+y?=10

y=x-

3

y=3x-5
y=x2—-2x+1

y=x+5
X2 +y?>=25

Extend

11 x-y=

1




Solving simultaneous equations
graphically

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e You can solve any pair of simultaneous equations by drawing the graph of both equations and
finding the point/points of intersection.

Examples

Example 1  Solve the simultaneous equations y = 5x + 2 and x + y = 5 graphically.

y=5-x 1 Rearrange the equation x +y =5
to make y the subject.

y =5 —xhas gradient -1 and y-intercept 5. Plot both graphs on the same grid
y = 5x + 2 has gradient 5 and y-intercept 2. using the gradients and
¥y y-intercepts.

Lines intersect at The solutions of the simultaneous
x=0.5y=45 equations are the point of
intersection.
Check: _
First equation y = 5x + 2: Check your solutions by
45=5x%x05+2 YES substituting the values into both
Second equation x +y = 5: equations.
05+45=5 YES




Example 2 Solve the simultaneous equations y = x — 4 and y = x2 — 4x + 2 graphically.

1 Construct a table of values and
calculate the points for the quadratic
equation.

y=x24x+2 Plot the graph.

Plot the linear graph on the same
grid using the gradient and
y-intercept.

y =X -4 has gradient 1 and
y-intercept —4.

The line and curve intersect at The solutions of the simultaneous
x=3,y=-landx=2,y=-2 equations are the points of

intersection.

Check:

First equationy = x — 4. Check your solutions by substituting
-1=3-4 YES the values into both equations.
—2=2-4 YES

Second equation y = x? — 4x + 2:
-1=32-4x3+2 YES
—2=22-4x2+2 YES

Practice

1 Solve these pairs of simultaneous equations graphically.
a y=3—-landy=x+3
b y=x-5andy=7-5x
c y=3x+4andy=2-x

2 Solve these pairs of simultaneous equations graphically. Hint
a x+ty=0andy=2x+6
b 4x+2y=3andy=3x-1
C 2x+y+4=0and2y=3x—-1

Rearrange the
equation to
make v the




3 Solve these pairs of simultaneous equations graphically.
a y=x—landy=x>—4x+3
b y=1-3xandy=x*-3x—-3
c y=3-xandy=x?+2x+5

4 Solve the simultaneous equations x + y = 1 and x? + y2 = 25 graphically.

Extend

Solve the simultaneous equations 2x + y =3 and x> +y =4

i graphically

ii algebraically to 2 decimal places.

Which method gives the more accurate solutions? Explain your answer.




Linear inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e When you multiply or divide an inequality by a negative number you need to reverse the
inequality sign, e.g. < becomes >.

Examples

Examplel Solve -8 <4x< 16

—-8<4x<16 Divide all three terms by 4.
—2< x <4

Example2  Solve 4 <5x <10

Divide all three terms by 5.

Example 3 Solve 2x —5<7

2x—5<7 Add 5 to both sides.
2x <12 Divide both sides by 2.
X<6

Example4  Solve 2 —5x>-8

2—5x>-8 Subtract 2 from both sides.
—5x>-10 Divide both sides by —5.
X<2 Remember to reverse the inequality
when dividing by a negative
number.

Example5  Solve 4(x — 2) > 3(9 — x)

4(x—2)>3(9—x) Expand the brackets.
4x —8> 27— 3x Add 3x to both sides.
7x—8>27 Add 8 to both sides.
7x>35 Divide both sides by 7.
X>5




Practice

Solve these inequalities.
a 4x>16

d 5-2x<12

Solve these inequalities.
X

a << 10>2x +3

Solve
a 2-4x>18 3<7x+10<45
d 4x+17<2-x e 4 —5x <-3x

Solve these inequalities.
a 3t+1<t+6 b 2(B8n-1)>n+5

Solve.
a 3(2-x>2(4-x)+4 b 5@4-x)>3(5-x)+2

Extend

6  Find the set of values of x for which 2x + 1 > 11 and 4x — 2 > 16 — 2x.




Quadratic inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

o First replace the inequality sign by = and solve the quadratic equation.
e Sketch the graph of the quadratic function.
e Use the graph to find the values which satisfy the quadratic inequality.

Examples

Example 1 Find the set of values of x which satisfy x> + 5x + 6 >0

X2+5x+6=0 1 Solve the quadratic equation by
x+3)(x+2)=0 factorising.
X=-30rx=-2

It is above the x-axis 2 Sketch the graph of
wherex? +5x +6>0 ¥ y=x+3)(x+2)

3 Identify on the graph where
X2 +5x+6>0,i.e wherey>0

I NS
This part of the graph is
not needed as this is
wherex*+5x+ 6 <0

4 Write down the values which satisfy

Xx<—=3orx>-2 . .
the inequality x? + 5x + 6 >0

Example 2  Find the set of values of x which satisfy x? —5x <0

x2—5x=0 1 Solve the quadratic equation by
X(x—=5)=0 factorising.

x=0orx=5
v 2 Sketch the graph of y = x(x — 5)

3 Identify on the graph where
X2 —5x<0, i.e. wherey<0

4 Write down the values which satisfy
the inequality x? —5x <0




Example 3 Find the set of values of x which satisfy —x? —3x + 10 >0

—x?—-3x+10=0 1 Solve the quadratic equation by

(—x+2)(x+5)=0 factorising.

Xx=20rx=-5
YA

Sketch the graph of

y=(x+2)(x+5)=0

Identify on the graph where
—x2—-3x+10>0, i.e. wherey >0

Write down the values which satisfy
the inequality —x> —3x + 10>0

Practice
Find the set of values of x for which (x + 7)(x —4) <0
Find the set of values of x for which X2 —4x - 12> 0
Find the set of values of x for which 2x? -7x + 3< 0
Find the set of values of x for which 4x? + 4x -3 >0

Find the set of values of x for which 12 + x — x>>0

Extend

Find the set of values which satisfy the following inequalities.
6 xX+x<6

7 X(2x-9)<-10

8 6x2>15+x




Sketching cubic and reciprocal graphs

A LEVEL LINKS
Scheme of work: 1e. Graphs — cubic, quartic and reciprocal

Key points

e The graph of a cubic function,
which can be written in the
formy=ax®+ bx? + cx + d,
where a # 0, has one of the
shapes shown here.

5

special case:a = 1 special case:a = —1

x (0] %
one of the shapes shown here. F

The graph of a reciprocal fora>0 Y fora <0
function of the form y = a has
X

To sketch the graph of a function, find the points where the graph intersects the axes.

To find where the curve intersects the y-axis substitute x = 0 into the function.

To find where the curve intersects the x-axis substitute y = 0 into the function.

Where appropriate, mark and label the asymptotes on the graph.

Asymptotes are lines (usually horizontal or vertical) which the curve gets closer to but never
touches or crosses. Asymptotes usually occur with reciprocal functions. For example, the
asymptotes for the graph of y =% are the two axes (the lines y = 0 and x = 0).

At the turning points of a graph the gradient of the curve is 0 and any tangents to the curve at
these points are horizontal.

A double root is when two of the solutions are equal. For example (x — 3)?(x + 2) has a
double root at x = 3.

When there is a double root, this is one of the turning points of a cubic function.




Examples
Example 1 Sketch the graph of y = (x = 3)(x — 1)(x + 2)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0—-3)(0—-1)(0+2) 1 Find where the graph intersects the
=(3)x(-1)x2=6 axes by substituting x=0and y = 0.
The graph intersects the y-axis at (0, 6) Make sure you get the coordinates
the right way around, (X, ).
Wheny =0, (x—3)(x—1)(x+2)=0 Solve the equation by solving
Sox=3,x=1lorx=-2 Xx—3=0,x—1=0andx+2=0
The graph intersects the x-axis at
(=2,0), (1,0)and (3, 0)
y
Sketch the graph.
a =1 >0 so the graph has the shape:

'?\_,/3 x fora >0

Example 2 Sketch the graph of y = (x + 2)%(x — 1)

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0+2)*0—-1) 1 Find where the graph intersects the
=22x(-1)=—4 axes by substituting x =0and y = 0.
The graph intersects the y-axis at (0, —4)

Wheny =0, (x +2)’(x—1)=0 Solve the equation by solving
Sox=-2orx=1 x+2=0andx—-1=0

(=2,0) isaturning pointasx=—21is a
double root.
The graph crosses the x-axis at (1, 0)

La
a =1 >0 so the graph has the shape:

fora=0




Practice

1 Here are six equations. :
Hint

A = — = 2+ -1
y X y=x"+3x-10 Find where

D y=1-3*-x° y=x3-3x?-1 each of the
cubic equations

Here are six graphs. cross the v-axis.

i i iii y
y
normal
tangent
tangent \
%k
normal

a Match each graph to its equation.
b  Copy the graphs ii, iv and vi and draw the tangent and normal each at point P.

Sketch the following graphs
2 y=2¢ y=X(X-2)(x + 2)
4 y=(K+1)(x+4)(x-3) y=Kx+1)(x-2)(1-x)

6 y=(x-3(x+1) y=(x-1)(x-2)

8 yzg

a
Hint: Look at the shape of y= —
X

in the second key point.

Extend

10 Sketch the graph of y = 1 11 Sketch the graph of y =i
X+2 x—1




Translating graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation

Key points

The transformationy =f(x) taisa
translation of y = f(x) parallel to the y-axis;
it is a vertical translation.

As shown on the graph,
o y=f(x) +atranslates y = f(x) up
o y=f(x) —atranslates y = f(x) down.

The transformationy =f(x £ a) is a
translation of y = f(x) parallel to the x-axis;
it is a horizontal translation.

As shown on the graph,
o y=f(x+a) translates y = f(x) to the left
o y=f(x-a)translates y = f(x) to the right.

Examples
Example 1 The graph shows the function y = f(x).

Sketch the graph of y = f(x) + 2.

For the function y = f(x) + 2 translate
the function y = f(x) 2 units up.

Example 2  The graph shows the function y = f(x).

41




Sketch the graph of y = f(x — 3).

For the function y = f(x — 3) translate
the function y = f(x) 3 units right.

Practice

The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x) + 4 and y = f(x + 2).

The graph shows the function y = f(x).
Copy the graph and on the same axes sketch and
label the graphs of y = f(x + 3) and y = f(x) — 3.

The graph shows the function y = f(x).
Copy the graph and on the same axes sketch the
graph of y = f(x — 5).




5

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C: and C..
Write down the equations of the translated curves
C; and Cin function form.

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C; and C..
Write down the equations of the translated curves
C:and Czin function form.

The graph shows the function y = f(x).

a  Sketch the graph of y = f(x) + 2
b  Sketch the graph of y = f(x + 2)

y
2

y = f(x) 2

~270° —180° —90° O




Stretching graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs — f(x) notation
Textbook: Pure Year 1, 4.6 Stretching graphs

Key points

e The transformation y = f(ax) is a horizontal

stretch of y = f(x) with scale factor i

parallel to the x-axis.

The transformation y = f(-ax) is a
horizontal stretch of y = f(x) with scale

factor i parallel to the x-axis and then a

reflection in the y-axis.

The transformation y = af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis.

The transformation y = —af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis and then a reflection
in the x-axis.




Examples

Example 3 The graph shows the function y = f(x).

Sketch and label the graphs of
y = 2f(x) and y = —(X).

The function y = 2f(x) is a vertical
stretch of y = f(x) with scale factor
2 parallel to the y-axis.

The functiony = —f(x) isa

reflection of y = f(x) in the
X-axis.

Example 4  The graph shows the function y = f(x).

Sketch and label the graphs of
y = f(2x) and y = f(-x).

The function y = f(2x) is a horizontal
stretch of y = f(x) with scale factor %
parallel to the x-axis.

The function y = f(—x) is a reflection
of y = f(x) in the y-axis.




Practice

7

The graph shows the function y = f(x).

a Copy the graph and on the same axes
sketch and label the graph of y = 3f(x).

b  Make another copy of the graph and on
the same axes sketch and label the graph
of y = f(2x).

The graph shows the function y = f(x).
Copy the graph and on the same axes
sketch and label the graphs of

y = -2f(x) and y = f(3x).

The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch and label the graphs of

y=—f(x)andy="F(1x).

The graph shows the function y = f(x).
Copy the graph and, on the same axes,
sketch the graph of y = —(2x).

The graph shows the function y = f(x) and a
transformation, labelled C.

Write down the equation of the translated
curve C in function form.




12 The graph shows the function y = f(x) and a
transformation labelled C.
Write down the equation of the translated
curve C in function form.

The graph shows the function y = f(x).
a  Sketch the graph of y = —f(x).
b  Sketch the graph of y = 2f(x).

Extend

14 a  Sketch and label the graph of y = f(x), where f(x) = (x — 1)(x + 1).
b On the same axes, sketch and label the graphs of y = f(x) — 2 and y = f(x + 2).

15 a  Sketch and label the graph of y = f(x), where f(x) = —(x + 1)(x — 2).

b On the same axes, sketch and label the graph of y = f (-3 x).




Enrichment

Exciting and Interesting Bits!
Below are some articles and videos to view.

These are all going to extend your understanding of maths in the real world.

Follow the ‘WATCH, THINK, DIG DEEPER, DISCUSS’
The Wizard standoff riddle.
https://ed.ted.com/lessons/can-you-solve-the-wizard-standoff-riddle-daniel-finkel

Follow the ‘WATCH, THINK, DIG DEEPER, DISCUSS’
Solve the false positive riddle.
https://ed.ted.com/lessons/can-you-solve-the-false-positive-riddle-alex-gendler

Read the notes on the page and carry out the algebraic investigation. Complete the
worksheet included.
https://www.teachmathematics.net/page/7566/0xo

Create a PINTREST board with images of maths in nature. Investigate the maths
behind some of the images you have found.

Maths Magic.

Can you create your own version of the problem? Investigate other
magic tricks which are based around maths.
https://nrich.maths.org/1051

Golden Ratio Day
Golden ratio day is 1% June 2018. Investigate the golden ratio and its history.
https://www.teachengineering.org/activities/view/nyu phi_activityl

https://www.quora.com/How-is-the-golden-ratio-useful-to-students

Find more articles on this and create a poster all about the golden ratio.

Complete module 1- Advanced Problem Solving
https://nrich.maths.org/10209



https://ed.ted.com/lessons/can-you-solve-the-wizard-standoff-riddle-daniel-finkel
https://ed.ted.com/lessons/can-you-solve-the-false-positive-riddle-alex-gendler
https://www.teachmathematics.net/page/7566/oxo
https://nrich.maths.org/1051
https://www.teachengineering.org/activities/view/nyu_phi_activity1
https://www.quora.com/How-is-the-golden-ratio-useful-to-students
https://nrich.maths.org/10209

RAG
Complete a RAG rating for the key topics from this booklet. Remember if you are still unsure on any
of these topics you can use Corbettmaths to revise them
GOOD LUCK!

Topic Red

Surds

Indices

Factorising

Completing the
square

Solving quadratics

Sketching Quadratic
Graphs

Simultaneous
equations (Linear)

Simultaneous
equations (Quadratic)

Simultaneous
equations
(Graphically)

Linear Inequalities

Quadratic Inequalities

Sketching cubics and
reciprocals

Translating Graphs
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